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Governing Equations for Weakly Ionized Plasma
Flow� elds of Aerospace Vehicles
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and
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A generalized set of conservative equations for simulating the � ow� eld in a hypersonic weakly ionized gas � ows
is presented. Additional numerical and physical complexities associated with the plasma state are identi� ed and
discussed, including the in� uence of external and space charge � elds and the nonequilibrium coupling of reactive
and nonreactive collisions. A restricted set of equations is then employed to simulate and analyze the � ow� eld
of an air plasma generated by associative ionization. With use of a seven-species air model, details of the plasma
� ow� elds are presented and compared with available experiments. Re� ned estimates of dissociation products,
which are the precursors to the ionization reaction, are obtained. Speci� c attention is given to limiting forms of the
electron diffusion coef� cient and the in� uence of vibration–dissociation coupling. Details of the chemical reactions
in the � ow� eld in� uencing the elastic and inelastic collisional energy transfer are reported to highlight the more
important species and reaction mechanisms.

Nomenclature
Cs = mass concentrationsof species s
Ds = effective diffusion coef� cient for species s, m2/s
Dsk = multicomponent diffusion coef� cient
Dsk = binary diffusion coef� cient
E = electric � eld, function of space and time, V/m
Ee = translational energy of electrons per unit

volume, J/m3

e = total energy per unit mass, J/kg
Fela;s = force per unit volume due to elastic collisions, N/m3

Fele;s = force per unit volume due to electric � eld, N/m3

Finela;s = force per unit volume due to inelastic
collisions, N/m3

h0 = enthalpy of formation, J/kg
k = Boltzmann constant, 1:3807£ 10¡23 J/K
L = characteristic length, m
M = Mach number
M = molecular weight, kg/mole
Me = electron mass, 9:1094£ 10¡31 kg
m = mass, kg
N = number density, number/m3

ON = Avogadro’s number, 6:02252£ 1023=mole
p = pressure, N/m2

Q = energy exchange between modes, J/m3 s
Qrad = radiation heat loss term, J/m3 s
q = charge, C
q j = heat � ux vector, W/m2

T = translational temperature, K
Teff = effective temperature at which dissociation

or ionization reaction is considered, K
Tv = vibrational temperature,K
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u j = mass-averagedvelocity component of mixture
� uid in three dimensions, where j is 1–3

u j
s = average or mean velocity of species s

in three dimensions, where j is 1–3 m/s
V = random or peculiar velocity or diffusion velocity, m/s
v j

s = velocity of species s in three dimensions,
where j is 1–3 m/s

X = mole fraction
x j = position vector in three dimensions, where j is 1–3 m
Zs = ionic valency, ¡1 for electrons, 1 for single-ionized

positive ions
0 = electron or ion � ux density, number/m2 ¢ s
" = elementary electronic charge, 1:6022£ 10¡19 C
²0 = permittivity of free space, 8:8542£ 10¡12 F/m
´0 = thermal conductivity coef� cient, W/mK
2d = characteristic temperature of dissociation,K
2v = characteristic temperature of vibration, K
º = collision frequency, Hz
º¤

er = effective collision frequency of electrons
with diatomic molecules (heavy particles), Hz

½ = total density, kg/m3

½n = state density in the nth vibrational level, kg/m3

¾ = collision cross section, m2

¿ = relaxation time, s
¿ i j = viscous shear stress, N/m2

!pe = electron plasma frequency, 56.4
p

.Ne/ rad/s,
where Ne is m¡3

P! = source or sink of species, kg/m3 ¢ s

Subscripts

D = Debye
e = electron
I = ion
n; m = vibration quantum numbers
r = diatomic molecule (heavy particle)
s = species
v = vibration
1 = freestream conditions

Superscripts

i; j = i th and j th componentsin general
orthogonal coordinates
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Introduction

T HE emerging plasma applications in hypersonic � ows for sus-
tained � ight in low-density environments and during atmo-

spheric reentry are well known for their physical complexity. They
offer renewed technical challenges for proper understandingof the
� ow physics and the physical models. The velocities and altitudes
for transatmosphericmissions result in thermal, chemical, and ion-
izational nonequilibrium conditions, more severe than those expe-
rienced in the past. The extreme environment has a major impact
on the design and analysis of the vehicle aerodynamicsand thermal
loading.The dominantchemicalkineticprocessesin the plasmaplay
an important role in the degree of electromagnetic interferencesur-
rounding the craft, the knowledge crucial to mission planners. The
numerical modeling has to include the species mass, momentum,
and energy equations of the neutral species and for charge particles.
The in� uence of the charge particles on the � ow� eld needs to be
included,as well as the elasticand inelastic collisionalenergy trans-
fer mechanisms to accountfor the high degreeof thermal, chemical,
and ionizationalnonequilibriumin the � ow� eld.

The basic governing equations in the � ight regime of the aeroas-
sisted orbital transfer vehicles are given by Lee1 and the conserva-
tion equations for a nonequilibriumplasma by Appleton and Bray.2

The recent interest3;4 in the aerodynamic performance improve-
ments of the external and internal � ows in a plasma environment
has prompted a number of studies to conduct experiments and ex-
tend the � ow� eld modeling for air vehicles to treat a weakly ionized
plasma.5¡8 We begin by reviewing the basic concepts, phenomena,
and nomenclature associated with the physics of ionized gases. A
hierarchy of equations suitable for plasma conditions is presented,
cast into a working set of equations and applied to the investigation
of plasma generation in hypersonic � ows.

Collision Frequency and Mean Free Path
Thereare two broadclassesofbinarycollisions:elasticand inelas-

tic. For both classes the laws of conservationof mass, momentum,
and energy can be applied to the motions of the particlesbefore and
after collisions. The distinction is that in an inelastic collision, the
internalenergyof one or both of the particlesis changedby the colli-
sion, whereas, in an elastic collision, the total translationalenergies
are conserved.The inelasticcollisions, important in plasma applica-
tions, exchange energies between the translational and the internal
energies of rotational, vibrational, and electronic states. These ex-
changes can result in a nonequilibrium state where collisions and
excited state chemistry alter � ow characteristics.

For binary encounters of species A with species B, the collision
frequency is given by

ºAB D hUs ¾ NB i (1)

where Us is relative speed of the collisionpair, ¾ is the cross section
for a given event, and NB is the target number density within the
volume of interaction.

Between collisions the particles are considered to move in free
� ight, and the distance traveled between collisions is the free path.
When the length of the free path varies in a statistical manner, the
idea of mean free path is introduced.In general, the cross section is
a function of the relative speed. The mean free path is known if the
cross section and the number density are known:

¸mfp D Us=º D 1=¾ N (2)

where ¾ » 10¡20m2 and N » 3 £ 1025 number/m3 at 1 atm, standard
air.

Quasi Neutrality and Debye Shielding
An ideal plasma is a quasi-neutralcollectionof charged particles

exhibitingcollectivebehavior.For a plasma to be ideal, the physical
scale of the system L must be greater than the Debye length ¸D and
the observationalor characteristic timescale ¿ must be greater than
1=!pe , the inverse of the plasma frequency.

In a plasma environment, macroscopic neutrality is maintained
because of the mutual compensationof the space charge of the pos-
itive ions and electrons. This compensation, however, takes place
in terms of spatial and temporal averages for suf� ciently large vol-
umes and suf� ciently long time. When these spatial and temporal
restrictionsare accounted for, a plasma is said to be a quasi-neutral
medium. The spatial scale length associatedwith quasi neutrality is
the Debye length ¸D :

¸D D
q

²0kT
¯

N1e2 (3)

The following are useful forms of the Eq. (3), with N and ¸D (in
meters):

¸D D 69
p

T=N (4)

¸D D 7430
p

kT =N (5)

where kT is in electron volts. The corresponding temporal scale
length is the inverse of the electron plasma frequency !pe:

!¡1
pe D ¸De

¯p
kTe=Me (6)

This time represents the time for the average particle (electron) to
traverse the Debye length.

Governing Equations
A general macroscopic balance equation for a property Á of

species s is written as9
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The � rst term representsthe local time variationof the mean valueof
Ás for the species s. The second term accounts for the rate of change
of hÁsi due to the divergenceof the convective� ux (Ns hÁsv

j
s i), or in

other words, due to the molecules entering and leaving the volume
element with velocity v

j
s . The three terms in the square brackets

representthe changeof hÁsi with 1) time, 2) positionof the particles,
and 3) in� uenceof externalforces, in that order.The right-handside
of the equation represents the collision term where f is the velocity
distribution function for the differential volume in velocity space,
dc D dv1 dv2 dv3 . There are a varietyof formalismsfor the equations
describinga plasma � uid. Here we present two that are often useful.
The � rst is a set of macroscopicequationsfor each species in which
the equations are referred to the mean velocity of each species.
The second is a velocity-weightedapproach according to the mass
densityof thevariousconstituents.In this approach,themacroscopic
equationsfor eachspeciesare referredto the mass-averagedvelocity
and then summed over all species to obtain macroscopic equations
for the entire � uid.

Species Mass Conservation
The species mass conservationequations is
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where V j
s is the diffusion velocity of the species s given by

V j
s D u j

s ¡ u j (9)

The mixture density is

½ D
X

s

½s D
X

s

Ns ms (10)
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where ½s is the mass density, Ns is the number density and ms is the
particlemass of the speciess. Note that P!s representsthe production
and destruction of the species s, whose sum over all of the species
equals zero,

X

s

P!s D 0 (11)

and the sum of the mass � ux due to diffusion equals zero:
X

s

½s V
j

s D 0 (12)

Contributions to P!s arise from such sources and sinks as dis-
sociation, ionization, recombination, and attachment. As a simple
example of the application of this set of equations in a weakly ion-
ized � ow, we consider a study of plasma generation at high Mach
numbers arising from the associative– ionization reaction. The pri-
mary species of air consideredin the present study are O2 , O, N2 , N,
NO, NOC, and e¡ . The signi� cant reactive collisions constituting
sources and sinks in the continuity equations are10;11

N2 C M *) 2N C M .9:76 eV/

O2 C M *) 2O C M .5:12 eV/

NO C M *) N C O C M .6:49 eV/

N2 C O *) NO C N .3:27 eV/

NO C O *) O2 C N .1:37 eV/

N C O *) NOC C e¡ .2:76 eV/

NO C M *) NOC C e¡ C M .9:25 eV/ (13)

where the reaction threshold for the forward (dissociation or ion-
ization) process is given in the parentheses.The � rst three reactions
aredissociation–recombinationand the fourthand� fth are exchange
reactions. The sixth reaction equation is the associative– ionization
and its inverse the dissociative–recombinationreaction. The net en-
ergy (2.76 eV) that must be supplied for the associative– ionization
reaction of N and O is considerably less than the full ionization
potential (9.25 eV) for the NO C M *) NOC C e¡ C M reaction.11

From the studies of Lin and Teare10 and Wilson12 for the case of
air, this associative– ionization mechanism is dominant for shock
speeds below 9 km/s. Above this velocity, electron-impact12 ioniza-
tion dominates. At high temperatures, additional mechanisms lead
to the creation of OC

2 , OC, and NC
2 , however, these mechanisms

are not relevant in the present study addressing the lower temper-
ature regime. Consult Refs. 13 and 14 for details on these kinetic
processes.

The dissociation rates were calculated using the following func-
tional form of the Arrhenius equation:

k f .Teff/ D C f T ´

eff exp.µd=Teff/ (14)

The recombinationrates were calculatedfrom the equilibriumcurve
� ts,

kb.Teff/ D
k f .Teff/

Keq.Teff/
(15)

The constantsC f ,´, andµd and theexpressionfor Keq takenfromex-
isting experimentsare tabulated in the Appendix.The reaction rates
and equilibrium constants in the present study were taken from the
work of Park15 for the � rst � ve reactions and from Wray16 for the
sixth reaction.See the Appendixfor detailsof the reaction rate coef-
� cients. More recent work on reaction rates in air are available from
the work of Park 17;18 for components of air and Bose and Candler19

for the nitric oxide formation reaction. The species-conservation
equation (8) was solved for each species, O2 , O, N2, N, NO, NOC,
and e.

Species Momentum Conservation
The species momentum equation is given by
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The contributing forces F i depend on the type of collision, elastic
or inelastic, and whether the species is neutral or charged.

Because of the important role of electrons in a plasma environ-
ment, the electron momentum equation is presented with the forces
written explicitly:
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The electric � eld E i is associated with space charge or externally
impressed on the � ow� eld and can be treated with differentdegrees
of approximation.

Electric Field Models
The Poisson equation links the space charge of the plasma to

the electrostatic potential Á. In the electrostatic approximation, the
electric � eld is given by the negative of the gradient of Á. Because
r ¢ E D ³ =²0, the Poisson equation is stated as

r2Á D ¡.³=²0/ (18)

where ³ is the total charge density given by

³ D
X

s

qs Ns (19)

If the individual species are analyzed separately, the total charge
densitymay be accumulatedand the electric � eld, accountingfor the
boundary conditions, can be established self-consistently through
a solution of Poisson’s equation. The solution, however, may be
computationally expensive and introduce stringent time steps and
grid requirements.Often, instead,approximateforms are introduced
that do not require solution of Poisson’s equation.

Equilibrium Model of Electric Field
In many circumstances of interest the pressure gradient and the

electric � eld term in Eq. (17) dominate the momentumbalance.This
enables an approximate evaluation of the � eld:

E i D ¡ 1
Ne"

@pe

@x i
(20)

In this approximation, the electron pressure gradient balances the
forces arising from space charge or impressed � elds. This approxi-
mation is convenient and often appropriate for specifying the � eld
without resorting to a solution of Poisson’s equation. For a spa-
tially homogeneous electron temperature, this form states that the
electrons achieve a Boltzmann equilibrium with the � eld.

Ambipolar Electric Field
When consideringcurrent� ow to an insulatedsurface,theelectric

� eld may be evaluated using ambipolar diffusion theory. Owing to
the signi� cant disparity in the transport coef� cients (diffusion and
mobility) of electrons and ions, a positive space charge develops
at an insulating boundary, limiting the electron � ux to the surface
and enhancing the � ux of ions. Current continuitydemands that the
net current to the surface be zero. Equality of the electrons and ion
� uxes de� nes this ambipolar condition:

0e D 0I D 0 D DarN (21)
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where

Da ¼ DI [1 C .Te=TI /] (22)

It follows that the ambipolar diffusion coef� cient is much less than
the electron free diffusion coef� cient and greater than the ion free
diffusion coef� cient:

DI < Da ¿ De (23)

Now, Da D DI for Te ¿ TI . For isothermal plasmas, when Te D TI ,
Eq. (22) approximates to Da ¼ 2DI . For an ambipolar assumption,
the � ux of electrons and ions in any region must be equal such that
charge does not build up. The electric � eld, in this approximation,
is given by

E i D [.DI ¡ De/=.¹ I C ¹e/].rN=N / (24)

Total Momentum Conservation
Summing the individual species momentum equations yields
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The term F i
ele is the electric � eld force per unit volume given by

F i
ele D

X

s

Ns eZs E i (26)

For an electrically neutral gas, F i
ele is zero.

Transport Effects
The species viscosity in the present study was computed from the

curve � ts of Blottner et al.,20 which are valid up to temperatures of
10,000 K in air. A more recentwork on the transportpropertiesin air
based on the Chapman–Enskog theory exists (see Ref. 14). Figure 1
shows a comparison of the viscosity for the two approaches for
nitrogen, oxygen, and singly ionized nitric oxide. Differences be-
tween the two approaches for the nitrogen and oxygen are neglible.
For the ionized nitric oxide, the Blottner et al.20 approach predicts
a lower value than the Gupta et al.14 approach above 2000 K. For
the seven-species reaction set and temperatures considered in this
study, the transport properties of Blottner et al. are used.

The species thermal conductivitywas calculated from Euckens’s
relation (see Ref. 11). The viscosity and thermal conductivityof the
mixturewere computedfrom Wilke’s semi-empiricalmixing rule.21

The thermal conductivity of the electrons was ignored because the
freestream velocity considered in the present study was limited to
10 km/s and, according to Rose and Stankevics,22 the heat conduc-
tion due to electronsdoes not presenta seriousengineeringproblem
for � ight velocities up to 16 km/s.

In the transport process of multicomponent diffusion, the � ux of
one component is in� uenced by the concentrationgradientof a sec-
ond component. In some cases, the � rst component’s � ux can be
accelerated; in others, the diffusion can cause a temporary segre-
gation, and in still other cases, a component can diffuse against its
concentrationgradient.The estimationofmulticomponentdiffusion
coef� cients in dilute gases can be accomplishedusing binary diffu-
sion coef� cients and the Stefan–Maxwell equations (see Ref. 23):

r Xs D
X

k

X s Xk

Dsk
.uk ¡ us/ (27)

where Dsk is the binary diffusion coef� cient of the components s
and k. The Stefan–Maxwell equationsfor two-temperatureplasmas
(see Ref. 24) were used to study25 ion diffusion inside the shock
structure for barothermal-diffusion-induced electric � elds.

In the present analysis, only ordinary diffusion generated by the
gradients in species concentrationis consideredwhere the diffusion
mass � ux follows Fick’s � rst law of diffusion (see Ref. 26),

½s us D ¡½DskrCs (28)

a)

b)

c)

Fig. 1 Viscosity coef� cient comparison by approaches in air mixture
of Blottner et al.20 and Gupta et al.14 for a) nitrogen, b) oxygen, and
c) ionized nitric oxide: ——, Blottner et al.20 and s s , Gupta et al.14

where Dsk , the multicomponent diffusion coef� cient, is calculated
with a constantLewis number 1.4. More recent work14 on the trans-
port properties based on the Chapman–Enskog theory was not used
in the present study to be consistent with the models adopted in
Ref. 27.

Species Energy Conservation
The species energy conservationequation is given by
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Again, because of the special status of electrons in the plasma, the
electron energy equation is explicitly presented.
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Electron Energy Conservation
The elecron energy conservationequation is
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The internal energy of electrons ee is given by

ee D [3=2kTe C h²int;ei]
Me

(31)

The term
X

s;r

PNes;r .½e/s;r

is the birthing term representing the energy gained by new-born
electrons. The term, Pele;s is the work done by the electric � eld on
electrons, the volumetric Joule heating, given by

Pele;s D Ns"Zs E i ¢ u i
s (32)

The translationalenergy transfer rate of the elastic collisions of the
diatomic molecules and electrons is derived from Lee1:

Qela;e D 3R½e.T ¡ Te/

r
8 NRTe

¼ Me

X

s 6D e

½s N

M2
s

¾es (33)

where ¾es are the collision cross sections for electron–neutral in-
teractions. For this work, ¾es equal to 10¡20 m2 was assumed. For
the case of electron– ion interactions, the effective Coulomb cross
sections are given by Lee1:
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(34)

The rate of inelastic energy exchange between electrons and
molecules is given by Q inel;e :

Q inel;e D ¡
X

f

PNe; f Ei; f ¡ Qe¡V ¡ Qrad (35)

It includes electron–vibration (E–V) energy transfer, radiation loss,
and the electron impact ionization term

X

f

PNe; f Ei; f

where PNe; f is the rate of ionizationby the f th electron-impact ion-
ization process and Ei; f is the � rst ionization energy. The energy
exchanges between the inelastic collisions of the electronic and vi-
brational mode are discussed further in the section on vibrational
conservationenergy equation.

Total Energy Conservation
The total energy conservationequation is
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The calculation of temperature and pressure is as follows:
The total energy, ½e is written as the sum of the individual com-

ponents of energy:
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where the expression for the energy contained in the excited elec-
tronic states eel;s is taken from the work of Lee.1 The translational–
rotationaltemperatureT of the diatomicmolecules is obtained from
Eq. (37). The vibrational temperature of the diatomic species s is
determined by inverting the expression for the energy contained in
a harmonic oscillator at temperature Tvs :

evs D ½.R=Ms/
£
2vs

¯¡
e2v =Tvs

s ¡ 1
¢¤

(38)

The translationaltemperatureof theelectronsis establishedfrom the
expression relating the electron energy Ee and the electron thermal
and kinetic energy:

Ee D ½eCve Te C 1
2 ½eu i u i (39)

The pressure is given by the sum of the partial pressures

p D
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NRT C pe (40)

where the electron pressure pe is given by

pe D ½e ReTe (41)

The ratio of speci� c heats ° is given by ° D 1 C NR=Cv , where

NR D
X

Cs Rs; Cv D
X

CsCvs

Vibrational Energy Conservation
The vibrational internal energy conservationcan be expressedby
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The vibrationalenergyconservationequation(42) is solved for each
of the diatomic species O2, N2 , NO, and NOC using the Landau–

Teller formalism.28 The effect of vibrational population depletion
arising from nitrogen and oxygen dissociation was accounted for
in the vibration–dissociation coupling process.29 The vibrational
energy ev;s represents the total energy in the vibrational manifold
for the speciess, mostoften assumedas a simple harmonicoscillator.
The energy exchange terms given by Q represent the exchange of
energy between the translational and the internal energy modes of
the vibrational and electronic modes.

An alternate and more detailed approach for accounting the vi-
brational energy is to solve the vibrational master equations. The
kinetic coef� cients of the particle exchanges among the quantum
states give the population distributions,30
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Energy Exchanges Between Vibrational and Other Energy Manifolds
The translational–vibrational coupling is modeled according to

theLandau–Teller28 form,which assumessinglequantumexchange,

Pev D ½s

¡
e¤
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¡ evs

¢¯
¿s (44)

The relaxation time is computed as

¿r D
P

r
XrP

r
Xr =¿rk

(45)

The Landau–Teller interspecies relaxation times ¿rk are com-
puted using the expression developed by Millikan and White.31

The vibration–dissociationcoupling for neutral species considering
vibration– translation exchanges for nitrogen follows the approach
outlined in Ref. 29. This earlierwork29 presented the effect of disso-
ciation on the vibrational population depletion for a ladder model.
The vibration–vibration exchanges and their effect on the popu-
lation depletion model previously reported32 are neglected in the
present study.

The temperatures governing the reaction rates of the ionized ni-
tric oxide and the electrons are postulated by Park in Refs. 15, 33,
and 34. When the impacting particle is an electron, the associative-
ionization rate is an average of the vibrational and electron temper-
atures, Teff D

p
.Tv Te/ and the dissociative-recombination rate is an

average of the translational temperature of diatomic molecules and
electron temperatures. For the exchange reactions, the forward and
backward rates depend on the translational temperature of diatomic
molecules, alone.

The associative-ionizationreaction rate depends on the transla-
tional temperature, but the dissociative-recombination rate depends
on the vibrational temperature of NOC and the translational tem-
perature of electrons.27

The E–V energy exchange for the nitrogenmolecules is assumed
to be of the Landau–Teller form (see Ref. 11)

QE¡V D Ne[²vs.Te/ ¡ ²vs ]=¿es (46)

where the rate of (E–V) energy transfer ¿es is derived by Lee.35

Simpli� ed Set of Conservation Equations
The simpli� ed set of conservation equations was simpli� ed and

adapted to the analysis of a weakly ionized � ow� eld. The equilib-
rium electric � eld model [Eq. (20)] was used in the total momentum
and energy equations. The simpli� ed form follows.

Species mass conservationequation:
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Total momentum conservationequation:
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Electron energy conservationequation:
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Total energy conservationequation:
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Vibrational energy conservationequation
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Numerical Procedure
The � ow� eld equations (47–51) were numerically solved using

the Roe approximateRiemann solver. The numerical scheme is im-
plemented in � nite volume formulation by computing the cell in-
terface � ux as a summation of wave speeds as described by Wal-
ters et al.36 The second-order spatial accuracy is obtained by em-
ploying the MUSCL approach in conjunction with the minmod
limiter to reduce the solution to � rst-order accuracy in the vicin-
ity of strong shock waves, as described in the work of Josyula
and Shang.37 The entropy correction for the Roe scheme is im-
plemented as discussed in Ref. 37. The viscous terms are evaluated
using central differencing. An explicit predictor–corrector method
is used to advance the solution in time. This approach was dis-
cussed for the � ux-splittingoption by MacCormack in Ref. 38. The
presence of free electrons give rise to an additional characteris-
tic wave speed39 for the translational temperature associated with
the electrons. However, the wave speed obtained in Ref. 39 is not
invariant to a Gallilean transformation.40 A corrected form of the
wave speedassociatedwith the free electronswas subsequentlypre-
sented in the Ref. 40, with the equations cast in non-conservation
form which are unsuitable for the present upwind scheme. Hence,
a fourth eigenvalue associated with the free electrons was not used
in the present study. An alternative approach of determining eigen-
values and eigenvectors was investigated by Taylor et al.,41 where
a separate rotational energy equation was solved, thereby, decou-
pling the diatomic-molecule (heavy particle) equations from the
electron energy equation. However, the present approach treats the
translational and rotation energy modes to be in thermodynamic
equilibrium.

The � ow conditionsof thenumericalsimulationbasedon existing
experiments are given for a Mach 16.3 and 23.9 cases in Table 1.
The geometry details and minimum grid spacing are in Table 2.
Performance of a grid study on the Mach 23.9 case is presented for
the following grid sizes (axial x normal): 1) 30 £ 50, 2) 50 £ 60,
and 3) 70 £ 90. The effect of the grid sizes on the translational
temperature distribution along the stagnation streamline is shown
in Fig. 2. The coarse grid of 30 £ 50 nodes has a lower translational
temperature than the medium grid of 50 £ 60 nodes and � ne grid of
70 £ 90 grid. The magnitude of the Richardson extrapolation error
estimator (see Ref. 42) for the peak translational temperature using
the coarse and mediumgrids gives 2.65% and using the mediumand
� ne grids gives 1.15%. The medium grid with 50 £ 60 nodes in the
axial and normal direction, respectively, was considered adequate
and used for the Mach 23.9 case. A similar grid study conductedfor
the Mach 16.3 case resulted in the use of 40 £ 50 nodes in the axial
and normal directions.

Table 1 Details of � ow conditions

Mach T1 , Twall , p1 , Altitude,
number Re1 K K Pa K n1 Rn , m km

16.3 3,750 240 1,000 12.4 4:3 £ 10¡3 0.0762 64.6
23.9 19,500 254 1,500 19.7 1:2 £ 10¡3 0.1524 61

Table 2 Details of grids considered

Mach Rn , Length, Type Cone
number 1na=Rn µb

min m m body half-angle, deg

16.3 4:8 £ 10¡4 0.45 0.0762 0.135 Sphere–cone 10
23.9 4:8 £ 10¡4 1.83 0.1524 1.295 Sphere–cone 9

aMinimum (full-cell) grid spacing. bMinimum angular spacing (degree).
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Fig. 2 Grid study: temperature distribution along stagnation stream-
line of RAM-C II, M1 = 23.9, Rn = 0.1524 m, and altitude= 61 km.

Shock Tunnel Experiments of Kaegi and McMenamin43

In this experiment, a re� ected nozzle shock tunnel was used
to produce hypersonic air� ows about a 0.0762-m-nose radius
hemisphere–cone. Electron– ion concentrations were determined
from current measured with langmuir probes. The test conditions
had velocitiesof 4.5 km/s (Mach 16.3) and 6 km/s (Mach 20.8) with
densitiescorrespondingto 64.6- and 58.7-kmaltitudes,respectively.
Electron densities were measured along the stagnation streamline
of the sphere–cone for the Mach 16.3 and 20.8 cases at 64.6- and
58.7-km altitudes, respectively. The conditions of the Mach 16.3
caseat 64.6km altitude(Table1)were simulated in thepresentstudy.

Flight-Test Data from the RAM-C II
In the 1960s, the � ight-test data was obtainedusing experimental

probes at satellite speeds, called Radio Attenuation Measurement
(RAM)-C tests, which measured electron number densities in the
� ow� eld.44¡46 Conditionsof the second test, RAM-C II, were simu-
lated by several researchers,for example, Refs. 27 and 47. The wall
was assumed fully noncatalytic to be consistent with the work of
Ref. 27 and the temperaturewas � xed48 at 1500 K, an estimate of an
unknown wall temperature.The conditionsof Mach 23.9 at altitude
of 61 km were simulated in the present study. The body geometry
was a sphere–cone of 0.1524 m radius, length of 1.295 m, and a
cone half-angle of 9 deg (Table 1).

The � ow� eld equations(47–51) were solved to simulate the con-
ditions described in the experiments. The seven-species reaction
set [Eq. (13)] was implemented via the species mass conserva-
tion equations. The reaction set includes the associative-ionization
and dissociative-recombination reactionequation for generatingthe
weakly ionized plasma. The electric � eld was computed using the
equilibriummodel [Eq. (20)]. However, the ambipolar diffusionco-
ef� cient for the charged particles was computed using Eq. (22) and
the limiting forms discussed in that section. The limiting forms for
isothermal and nonisothermal plasmas provide the bounds of the
diffusion coef� cient for the ambipolar condition. The vibrational
energy equation was solved using the Landau–Teller28 approxima-
tion [Eq. (44)] for computing the single quantum energy exchange
in the vibrational– translational mode. The vibration–dissociation
coupling for the neutral species of oxygen and nitrogen was imple-
mentedusing the model based on the master equations(43) account-
ing for the depletion of vibrational population due to dissociation.
(See Ref. 29 for more details about the vibration–dissociation cou-
plingmodel.)The couplingmodel for theelasticcollisionsinvolving
the remaining species of nitric oxide and the charged particles was
implemented using the Park model,23 discussed earlier.

Boundary Conditions
The upstream and far� eld boundary conditions were prescribed

as the undisturbed freestream values. At the downstream bound-

ary, the no-change condition was imposed for the predominantly
supersonic � ow� eld. On the body surface, the no-slip condition for
velocity components, an isothermal wall, and the approximationof
zero normal pressure gradient were enforced. The species concen-
trations were set to the noncatalytic wall boundary condition for
all cases. The gradientof the electron translationaltemperature was
set to zero as per Park.13 For the axisymmetric con� guration, the
boundary conditions were set at the axis of symmetry inasmuch as
the productof the � ux and area is zero becausein a � nitevolume for-
mulation the controlvolume surface at the axis of symmetry merges
to a point.

Results and Discussion
Relaxation Zone and Flow� elds Considered

The relaxationzone in a hypersonicair plasma � ow� eld is shown
in Fig. 3. For a high-Mach-numberair� ow, the dissociationproducts
of nitrogenand oxygendownstreamof the shock recombine to form
nitric oxide molecules which ionize at the high temperatures. Free
electronsare produced in the � ow� eld in this associative-ionization
reaction of nitric oxide. Owing to the disparity of the electron and
ion diffusion coef� cient, there is an excess of free electrons ahead
of the shock wave, leaving positive charges behind it. This space
charge generates an electric � eld, which results in a net force on
the � ow� eld. At the surface edge of the weakly ionized gas, the
plasma is positively chargedwith respect to the wall, the nonneutral
region between the plasma and wall forming a plasma sheath in the
� ow� eld.The gascan typicallybe assumed to behavequasineutrally
far away from the body and in the region between the shock and
the body. The internal energy modes of vibration and ionization
mechanisms relax in the shock layer and approach equilibriumnear
the surface.

Figures 4 and 5 show the sources and sinks of the chemical re-
actions [Eq. (13)] and the net source terms on the right-hand side
of the species mass conservation equations (8) and (47). The plot-
ted rates are the product of the rate coef� cient and density of the
species (mole per cubic meter per second). The values presented
are along the stagnation streamline for the RAM-C II � ow� eld. The
translationaltemperature is shown for reference.Figure 4 shows the
forward and backward reaction rates of the forward (dissociation)
and backward (recombination) reactions in air: the � rst three reac-
tions in Eq. (13). The nitrogen dissociation reaction is presented in
Fig. 4a, oxygen in Fig. 4b, and nitric oxide in Fig. 4c. The higher
forward rates for these reactions (Figs. 4a and 4b) are responsible
for the dissociation of nitrogen and oxygen. The nitric oxide dis-
sociation reaction (Fig. 4c) results in atomic nitrogen and oxygen.
The recombination reactions for the nitrogen and oxygen increase
sharply in the postshock region and then increasegradually to reach
a maximum near the body. The exchange reactions of nitric oxide

Fig. 3 Relaxation zone in shock layer.
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a) N2 + M , 2N + M

b) O2 + M , 2O + M

c) NO + M , N + O + M

Fig. 4 Forward and backward rates distribution along stagnation
streamline of RAM-C II, M1 = 23.9, Rn = 0.1524 m, and altitude =
61 km.

are shown in Figs. 5a and 5b and the associative-ionizationreac-
tion with its inverse dissociative-recombination reaction in Fig. 5c.
The higher forward rates of the exchange reactions of nitric ox-
ide are responsible for the formation of the nitric oxide (Figs. 5a
and 5b). The associative-ionizationreaction (Fig. 5c) is responsible
for the formation of ionized nitric oxide. However, for the back-
ward exchange reactions (Figs. 5a and 5b) and the dissociative-
recombination reaction in Fig. 5c, the reaction rates peak slightly
upstream of the shock and gradually increase behind the shock,
reach a maximum, and fall as they approach the body. The Arrhe-
nius form of the forward rate and signi� cant activationenergy leads
to an exponential temperature sensitivity and peaks downstream of
the shock. The backward rate is similarly controlledby the reactant
concentration.

Figure 6 shows the resulting mass concentrationsof the species,
along the stagnation streamline for the RAM-C II � ow� eld. Oxy-
gen is fully dissociated behind the shock wave, and nitrogen
molecules are dissociated with a mass fraction of 0.34 near the
surface. Nitric oxide formation peaks at a normalized location

a) N2 + O , NO + N

b) NO + O , N + O2

c) N + O , NO+ + e¡

Fig. 5 Forward and backward rates distribution along stagnation
streamline of RAM-C II, M1 = 23.9, Rn = 0.1524 m, and altitude =
61 km.

(x=Rn) of 0.05 in the postshock region. This maximum corre-
spondswith the maxima in the reactionscontributingto the nitric ox-
ide formation:N2 C O ! 2NO C N (Fig. 5a) and NO C OÃN C O2

(Fig. 5b).
The translational and vibrational temperatures for the two cases

computedin the presentstudyare presentedin Figs. 7 and 8. The pri-
mary difference in the � ow� elds between the two cases are that the
higher-Mach-numbercasehasa smallershock-standoffdistanceand
a greater relaxationof the internal energy modes in the shock layer.

The highest temperature is about22,000K for the RAM-C II case
(Fig. 7) and 13,000 K for the simulation of the experiment (Fig. 8).
For the RAM-C II case, we see from Fig. 6 that dissociation re-
sults in the maximum concentrationof atomic nitrogenof 40% near
the surface, oxygen is fully dissociated, nitric oxide concentration
peaks in the postshock region at 6%, and the maximum concentra-
tion of NOC is less than 0.2% in the shock layer. Nitric oxide is
formed primarily by the exchange reaction, N2 C O *) NO C N, in
the vicinity of the shock front. The electron temperature is small in
the postshockregion,increasesto a maximuminsidethe shock layer,
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Fig. 6 Mass concentration distribution along stagnation streamline of
RAM-C II, M1 = 23.9, Rn = 0.1524 m, and altitude= 61 km.

Fig. 7 Temperature distribution along stagnation streamline of
RAM-C II, M1 = 23.9, Rn = 0.1524 m, and altitude= 61 km.

Fig. 8 Temperature distribution along stagnation streamline of
experiment, M1 = 16.3, Rn = 0.0762 m, and altitude= 64.6 km.

and then decreases to achieve equilibrium at the surface. The elec-
tron temperature achieves equilibrium with the translational mode
at x=Rn D 0:03 for the RAM-C II case (Fig. 7).

The two cases (Figs. 7 and 8), however, show the same peculiar
feature upstream of shock: The nitric oxide vibrational temperature
rises upstream of the translational temperature rise. This feature is
further discussed subsequently. Note that, despite small amounts
of NO and NOC upstream of the shock (shown later), the ef� cient
transfer of vibrational– translational energy raises the vibrational
temperatures signi� cantly.

Figure 9 shows the Debye length along the stagnation streamline
of the RAM-C II.The mean freepath in the airmedium shownon the
same plot is computed, assuming a constant value for the collision
cross section of 10¡20 m2. The shock wave is about 2 mm thick and
is about two orders of magnitude smaller than the nose radius.

Figure 10 shows the Debye length along the stagnationstreamline
of the simulation of an experiment.43 In both cases, we � nd L > ¸D

satisfying the ideal plasma condition.The characteristic length L is
the radius of the body.

Vibrational Population Depletion Effects and Diffusion Studies
The effect of the dissociation-inducedvibrationalpopulation de-

pletion on the temperature and electron density distributions is
shown in Figs. 11–13. The role of the diffusion on the spatial redis-
tribution of the charged particles is shown in Figs. 14–18.

Fig. 9 Debye length and mean free path along the stagnation stream-
line of RAM-C II, M1 = 23.9, Rn = 0.1524 m, and altitude= 61 km.

Fig. 10 Debye length and mean free path along the stagnation
streamline of experiment of Kaegi and McMenamin,43 M1 = 16.3,
Rn = 0.0762 m, and altitude= 64.6 km.
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The effectof populationdepletionof oxygenis expectedto beneg-
ligible at these high temperatures,49 and so only nitrogen depletion
is included in this study.The peak translationaltemperatureremains
the same (Figs. 11 and 12); however, the shock standoffdistance in-
creases slightly due to depletion effects. The forward dissociation
rate of the diatomic nitrogen is reduced by one to two orders of
magnitude at temperatures below 10,000 K as a result of popula-
tion depletion in the vibrational levels. The effect on the vibrational
temperatures of nitrogen and nitric oxide is minor (Fig. 11).

The � ight-test data points shown in the Figs. 13–15 were taken
from Ref. 46. The microwave re� ectometer measurements are
shown by square symbols, and the electrostaticprobe measurement
at x=Rn » 8 is shown by a triangle with error bar. The re� ectome-
ter data point represents the averaged peak electron densities, and
the probe data point represents the time-average electron densities
for the innermost and outermost probes. The error bar on the probe
data point represents the peak-to-peak density � uctuation due to
body motions. The predicted electron density distributionalong the
noncatalyticalsurface compared with � ight-test data shows a negli-
gible effect due to depletion (Fig. 13). The high temperatures in the

Fig. 11 Depletion effects: temperature distribution along stagnation
streamline of RAM-C II, M1 = 23.9, Rn = 0.1524 m, and altitude =
61 km.

Fig. 12 Depletion effects: temperature distribution along stagnation
streamline of RAM-C II, M1 = 23.9, Rn = 0.1524 m, and altitude =
61 km.

Fig. 13 Depletion effects: comparison of electron density distribu-
tion along surface with � ight-test data of RAM-C II, M1 = 23.9,
Rn = 0.1524 m, and altitude= 61 km.

Fig. 14 Validity of approximationsof ambipolardiffusion coef� cient:
comparisonof electron density distributionalongsurface with � ight-test
data of RAM-C II, M1 = 23.9, Rn = 0.1524 m, and altitude= 61 km.

Fig. 15 Comparison of computational predictions of electron density
distribution along surface with � ight-test data of RAM-C II, M1 = 23.9,
Rn = 0.1524 m, and altitude= 61 km.
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postshock region and the near-equilibrium values near the surface
are not favorable for dissociation-induced vibrational population
depletion.29

The role of diffusion on the spatial redistribution of the charged
particles in Figs. 14–18 is now discussed. The ambipolar diffusion
is modeled in the present study per Eq. (22), Da ¼ DI [1 C .Te=TI /].
For the two limiting cases of T e » TI and T e ¿ TI , the ambipo-
lar diffusion coef� cients of Da D 2DI and Da D DI were used in
predicting electron density in the shock layer and near the surface.

With reference to Fig. 14, the electron density prediction near
the surface with the Da D 2DI approximation is very close to
DI [1 C .Te=TI /], suggesting the validity of this approximation for
the ambipolar diffusion coef� cient for this case because Te » TI .
This approximation is con� rmed by the translational and electron
temperature distributions of Fig. 7. Comparison of the present cal-
culations for the limiting case of Da D 2DI with the calculations
of Candler and MacCormack27 and Grasso and Capano47 is shown
in Fig. 15. Although there are modeling differences between the

Fig. 16 Validity of approximationsof ambipolardiffusion coef� cient:
comparison of electron density distribution along stagnationstreamline
with experiment, M1 = 16.3, Rn = 0.0762 m, and altitude= 64.6 km.

Fig. 17 Diffusion upstream of shock: density of NO, NO+, and e¡

along stagnation streamline of RAM-C II, M1 = 23.9, Rn = 0.1524 m,
and altitude = 61 km.

a)

b)

c)

Fig. 18 Diffusion upstream of shock: temperatures along stagna-
tion streamline of RAM-C II, M1 = 23.9, Rn = 0.1524 m, and alti-
tude = 61 km: a) all species diffusing, b) all species except NO diffusing,
and c) all species except NO, NO+ , and e¡ diffusing.

three computations shown, all computational results fall within the
experimentaluncertaintyof the probe data point at x=Rn » 8. More
accurate experimental measurements are required to delineate and
validate the models used for vibration, dissociation and ionization
in the computations.

For the experimental� ow conditionsalong the stagnationstream-
line of Kaegi and McMenamin43 (Fig. 16), the electron density pre-
diction with the limiting case approximationof Da D DI is close to
the predictionwith DI [1C.Te=TI /]. The validityof this approxima-
tion is con� rmed by T e ¿ TI (Fig. 8). The electrondensity is lowest
near the shock and reaches a maximum near the surface. The high
density near the body surface is achieved through rapid diffusion of
electrons. The computation overpredicts the data near the surface
and underpredicts in the postshock region.

The effectof the diffusionof the nitric oxideon thedensityof NO,
NOC , and e¡ is shown in Fig. 17. Figure 17 shows that suppressing



856 JOSYULA AND BAILEY

the diffusionofNO, NOC , ande¡ does indeedshift the rise in density
of nitric oxide (consequentlyNOC and e¡ ) to the back of the shock
wave (markedby the rise in the translationaltemperature). The nitric
oxide ions and electrons have densities that are essentially equal.
Note that the nitric oxide concentration in the freestream (ahead of
the shock wave) is speci� ed in the computations to be negligibly
small. Therefore, any formation of nitric oxide ahead of the shock
wave is solely due to the direction of the diffusionvelocity opposite
to the � ow direction, thus, bringing the molecules upstream of the
shock.

The effect of further numerical experiments to determine the
individual role of the diffusion velocity of the nitric oxide and
chargedparticlesonthe � ow� eld isdiscussednext.Figure18ashows
the translational and vibrational temperatures along the stagnation
streamline of the RAM-C II for all species diffusing, Fig. 18b for
all of the species except NO diffusing, and Fig. 18c for all of the
species except NO, NOC , and e¡ diffusing. As stated before, there
is a signi� cant rise in the vibrational temperatures of NO and NOC

upstream of the translational temperature rise (Fig. 18a). When the
diffusion of NO molecules is suppressed (Fig. 18b), the vibrational
temperature of NO shifts downstream, but the vibrational tempera-
ture of NOC is affected very little.

When the diffusionof NO, NOC , and e¡ is suppressed (Fig. 18c),
both pro� les of the vibrational temperatures of NOC and NO shift
downstream. The vibrational temperature of NOC drops below that
of NO. The electron temperature is lowered in Fig. 18c, primarily
in the postshock region but equilibrates with the translational tem-
perature, as in Figs. 18a and 18b. The diffusion of these particular
species has small effect on the magnitude of the electron tempera-
ture and the density of the charged particles (Fig. 17) downstream
of the shock wave and near the surface.

Conclusions
The study was undertaken to probe the physical complexities in-

volved in the modelingof the emergingplasma technologiesapplied
to hypersonicvehicles.A generalizedset of governingequationsfor
the numerical modeling of the hypersonic weakly ionized plasma
� ow� elds about aerospace vehicles are written. A simpli� ed set of
equations was exercised to investigate a simulated ionized � ow-
� eld in air. The objectives of the simulation were to 1) assess the
magnitude and spatial distribution of the atomic densities arising
from dissociation, 2) evaluate the importance of dissociation rate
modi� cation resulting from population depletion, 3) relate these
atomic densities to the plasma generationprocess and map the spa-
tial distribution of charged particles, 4) examine the in� uence of
limiting forms of electron diffusive transport on � ow� eld structure
and species distributions, and 5) con� rm that the ideal plasma ap-
proximation is applicable for the plasma conditions considered.

The simpli� ed set of theequationswith suitableassumptionswere
solved to describe the weakly ionized � ow� elds of the RAM-C II
� ight test, simulated in the past by many other researchers. Plasma
generation is restricted to the associative-ionizationof nitrogen and
oxygen. This simulation establishesa baseline and provides under-
standing of the governing equations and the limits of validity of
assumptions. The magnitude of the source and sink terms were re-
ported for the RAM-C II case to assess 1) the level of complexityof
the reacton rate set required, 2) the accuracy of the reaction rates,
and 3) the importance of the coupling mechanisms of the elastic
collisions. Results of the simulation of the RAM-C II � ight-test
case show that, for the high temperature considered, the effect of
depletion of vibrational population due to dissociation of nitrogen
is negligible.

Simulations using two different limiting forms of the ambipolar
diffusioncoef� cient resulted in only a minor variation in the magni-
tude and spatial distribution of the charged species. The simulation
revealed fair agreement of the charged densities with experiment
downstream of shock and extending to the body. In contrast, the
comparison at the shock front suggested that inclusion of ioniza-
tion through excited states or space charge effects at the shock front
may be required to explain the enhanced experimental charge den-
sities. Neutral particle diffusionplays an important role at the shock

front.Elevatedlevelsof vibrationallyexcitednitricoxidediffuseup-
streamof the front.These excited speciesmay modify the ionization
kinetics.

Future work should be directed at examining the validity of the
� uid equation approach to characterizing shock structure in ion-
ized � ows by comparing the � uid results with direct simulation
Monte Carlo or particle-in-cellsimulations.Further research is also
required to understand and re� ne ionization mechanisms, excited
state chemistry, and collisional energy exchange.

Appendix: Reaction Rate Coef� cients

Table A1 Forward reaction rate coef� cientsa

C f ,
Reaction M (m3 /kmole ¢ K¡´ s) ´ 2ds , K Ref.

N2 C M *) N C N C M N2; O2; 3:7EC18 ¡1.6 113,200 15
NO
N 1:1EC19 ¡1.6 113,200 15
O 1:1EC19 ¡1.6 113,200 15

O2 C M *) O C O C M N2, O2, 2:75EC16 ¡1.0 59,500 15
NO
N 8:25EC19 ¡1.0 59,500 15
O 8:25EC19 ¡1.0 59,500 15

NO C M *) N C O C M N2, O2, 2:3EC14 0 75,500 15
NO
N 4:6EC14 ¡0.5 75,500 15
O 4:6EC14 ¡0.5 75,500 15

N2 C O *) NO C N —— 3:18EC10 ¡0.1 37,700 15
NO C O *) O2 C N —— 2:16EC05 1.29 19,220 15
N C O *) NOC C e¡ —— 6:50EC08 0.00 32,000 16

ak f .Teff/ D C f T ´

eff exp.¡µds=Teff/:

Table A2 Constants for computing equilibrium constants used
with dissociation rates of Table A1a

Reaction A1m A2m A3m A4m A5m Ref.

N2 C M *) N C N C M 3.898 ¡12.611 0.683 ¡0.118 0.006 15
O2 C M *) O C O C M 1.335 ¡4.127 ¡0.616 0.093 ¡0.005 15
NO C M *) N C O C M 1.549 ¡7.784 0.228 ¡0.043 0.002 15
N2 C O *) NO C N 2.349 ¡4.828 0.455 ¡0.075 0.004 15
NO C O *) O2 C N 0.215 ¡3.652 0.843 ¡0.136 0.007 15
N C O *) NOC C e¡ ¡6.234 ¡5.536 0.494 ¡0.058 0.003 15

akb.Teff/ D k f .Teff/=Keq.Teff/ with Keq units kilomole per cubic meter and ex-
change reactions dimensionless. The equilibrium constants for the chemical reac-
tions computed using Keq D exp.A1m C A2m Z C A3m Z 2 C A4m Z 3 C A5m Z 4/ where
Z D 10;000=T (T is translational temperature in Kelvin).
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