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A generalized set of conservative equations for simulating the flowfield in a hypersonic weakly ionized gas flows
is presented. Additional numerical and physical complexities associated with the plasma state are identified and
discussed, including the influence of external and space charge fields and the nonequilibrium coupling of reactive
and nonreactive collisions. A restricted set of equations is then employed to simulate and analyze the flowfield
of an air plasma generated by associative ionization. With use of a seven-species air model, details of the plasma
flowfields are presented and compared with available experiments. Refined estimates of dissociation products,
which are the precursors to the ionization reaction, are obtained. Specific attention is given to limiting forms of the
electron diffusion coefficient and the influence of vibration—dissociation coupling. Details of the chemical reactions
in the flowfield influencing the elastic and inelastic collisional energy transfer are reported to highlight the more

important species and reaction mechanisms.

Nomenclature u’ = mass-averaged velocity component of mixture
C, = mass concentrations of species s ) fluid in three dimensions, where j is 1-3
Dy = effective diffusion coefficient for species s, m?/s u = average or mean velocity of species s
Dy, = multicomponent diffusion coefficient in three dimensigns, wher e jis 1.*3 WS )
Dy = binary diffusion coefficient \4 = random or peculiar velocity or diffusion velocity, m/s
E = electric field, function of space and time, V/m v = velocity of species s in three dimensions,
E, = translational energy of electrons per unit where j is 1-3 m/s
volume, J/m3 X = mole fraction
e = total energy per unit mass, J/kg x/ = position vector in three dimensions, where j is 1-3 m
Fa.; = force per unit volume due to elastic collisions, N/m? Z = ionic valency, —1 for electrons, 1 for single-ionized
Fus, = force per unit volume due to electric field, N/m? positive ions
Fiens = force per unit volume due to inelastic r = electron or ion flux density, number/m? - s
collisions, N/m? € = elementary electronic charge, 1.6022 x 10~ C
h? = enthalpy of formation, J/kg € = permittivity of free space, 8.8542 x 10~'> F/m
k = Boltzmann constant, 1.3807 x 10~2* J/JK n' = thermal conductivity coefficient, W/mK
L = characteristiclength, m [CH = characteristic temperature of dissociation, K
M = Mach number 0, = characteristic temperature of vibration, K
M = molecular weight, kg/mole v = collision frequency, Hz
M, = electronmass, 9.1094 x 1073! kg v = effective collision frequency of electrons
m = mass, kg with diatomic molecules (heavy particles), Hz
N = number density, number/m? P = total density, kg/m’
N = Avogadro’s number, 6.02252 x 10?* /mole On = state density in the nth vibrationallevel, kg/m?
p = pressure, N/m> o = collision cross section, m?
(0] = energy exchange between modes, J/m? s T = relaxation time, s
Qna = radiation heat loss term, J/m? s T = viscous shear stress, N/m?
q = charge,C Wpe = electron plasma frequency, 56.4 \/(N,) rad/s,
q’ = heat flux vector, W/m? where N, is m™3
T = translational temperature, K 10} = source or sink of species, kg/m® - s
Test = effective temperature at which dissociation
or ionization reaction is considered, K Subscripts
T, = vibrational temperature, K D = Debye
e = electron
— .. . . 1 = ion
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Introduction

HE emerging plasma applicationsin hypersonic flows for sus-

tained flight in low-density environments and during atmo-
spheric reentry are well known for their physical complexity. They
offer renewed technical challenges for proper understanding of the
flow physics and the physical models. The velocities and altitudes
for transatmosphericmissions result in thermal, chemical, and ion-
izational nonequilibrium conditions, more severe than those expe-
rienced in the past. The extreme environment has a major impact
on the design and analysis of the vehicle aerodynamicsand thermal
loading. The dominantchemicalkinetic processesin the plasmaplay
an importantrole in the degree of electromagneticinterference sur-
rounding the craft, the knowledge crucial to mission planners. The
numerical modeling has to include the species mass, momentum,
and energy equations of the neutral species and for charge particles.
The influence of the charge particles on the flowfield needs to be
included, as well as the elastic and inelastic collisionalenergy trans-
fer mechanisms to accountfor the high degree of thermal, chemical,
and ionizational nonequilibriumin the flowfield.

The basic governing equations in the flight regime of the aeroas-
sisted orbital transfer vehicles are given by Lee! and the conserva-
tion equations for a nonequilibriumplasma by Appleton and Bray.?
The recent interest* in the aerodynamic performance improve-
ments of the external and internal flows in a plasma environment
has prompted a number of studies to conduct experiments and ex-
tend the flowfield modeling for air vehicles to treat a weakly ionized
plasma.>~® We begin by reviewing the basic concepts, phenomena,
and nomenclature associated with the physics of ionized gases. A
hierarchy of equations suitable for plasma conditions is presented,
castinto a working set of equations and applied to the investigation
of plasma generation in hypersonic flows.

Collision Frequency and Mean Free Path

There are two broad classesof binary collisions:elasticand inelas-
tic. For both classes the laws of conservation of mass, momentum,
and energy can be applied to the motions of the particles before and
after collisions. The distinction is that in an inelastic collision, the
internal energy of one or both of the particlesis changed by the colli-
sion, whereas, in an elastic collision, the total translational energies
are conserved. The inelasticcollisions,importantin plasmaapplica-
tions, exchange energies between the translational and the internal
energies of rotational, vibrational, and electronic states. These ex-
changes can result in a nonequilibrium state where collisions and
excited state chemistry alter flow characteristics.

For binary encounters of species A with species B, the collision
frequency is given by

vag = (U;o Ng) (1

where Uj is relative speed of the collision pair, o is the cross section
for a given event, and Ny is the target number density within the
volume of interaction.

Between collisions the particles are considered to move in free
flight, and the distance traveled between collisions is the free path.
When the length of the free path varies in a statistical manner, the
idea of mean free path is introduced. In general, the cross section is
a function of the relative speed. The mean free path is known if the
cross section and the number density are known:

Aty = Uy /v = 1/ N )

where o ~ 1072°m? and N ~ 3 x 10?° number/m’ at 1 atm, standard
air.

Quasi Neutrality and Debye Shielding

An ideal plasma is a quasi-neutral collection of charged particles
exhibitingcollective behavior. For a plasma to be ideal, the physical
scale of the system L must be greater than the Debye length A, and
the observational or characteristic timescale T must be greater than
1/ wye, the inverse of the plasma frequency.

In a plasma environment, macroscopic neutrality is maintained
because of the mutual compensationof the space charge of the pos-
itive ions and electrons. This compensation, however, takes place
in terms of spatial and temporal averages for sufficiently large vol-
umes and sufficiently long time. When these spatial and temporal
restrictions are accounted for, a plasma is said to be a quasi-neutral
medium. The spatial scale length associated with quasi neutrality is

the Debye length Ap:
)\'D =‘/€UkT/NOQ€2 (3)

The following are useful forms of the Eq. (3), with N and A, (in
meters):

Ap = 69/T/N @)
Ap = 7430,/kT /N (5)

where kT is in electron volts. The corresponding temporal scale
length is the inverse of the electron plasma frequency wy.:

oy = p, [VKT./M, 6)

This time represents the time for the average particle (electron) to
traverse the Debye length.

Governing Equations

A general macroscopic balance equation for a property ¢ of
species s is written as’

d 0 ) A, ¢,
= Nd) + 5= (Nofgv])) = N, [<?> + <u/§>

x/

A\ df, '
el fo@) e o

The first term represents the local time variation of the mean value of
¢, for the species s. The second term accounts for the rate of change
of {¢) due to the divergence of the convective flux (N (¢,v])), orin
other words, due to the molecules entering and leaving the volume
element with velocity v]. The three terms in the square brackets
representthe change of (¢,) with 1) time, 2) positionof the particles,
and 3) influence of external forces, in that order. The right-handside
of the equation represents the collision term where f is the velocity
distribution function for the differential volume in velocity space,
dc = dv; dv, dvs. There are a variety of formalisms for the equations
describinga plasma fluid. Here we present two that are often useful.
The firstis a set of macroscopicequations for each species in which
the equations are referred to the mean velocity of each species.
The second is a velocity-weighted approach according to the mass
density of the various constituents.In this approach, the macroscopic
equationsforeach speciesare referred to the mass-averagedvelocity
and then summed over all species to obtain macroscopic equations
for the entire fluid.

Species Mass Conservation
The species mass conservation equations is

a 0 .
—ps+ _,Ox”j =

—pit = (pV)) + o, ®)

ox/
where V{ is the diffusion velocity of the species s given by
Vi=ul —ul )

The mixture density is

p=D p =) Nm, (10)
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where p, is the mass density, N, is the number density and m; is the
particlemass of the speciess. Note that w, representsthe production
and destruction of the species s, whose sum over all of the species

equals zero,
o =0 (11

and the sum of the mass flux due to diffusion equals zero:
Z pVi=0 (12)

Contributions to w, arise from such sources and sinks as dis-
sociation, ionization, recombination, and attachment. As a simple
example of the application of this set of equations in a weakly ion-
ized flow, we consider a study of plasma generation at high Mach
numbers arising from the associative-ionization reaction. The pri-
mary species of air consideredin the present study are O, O, N, N,
NO, NO™, and e~. The significant reactive collisions constituting
sources and sinks in the continuity equations are!%!!

No+M=2N+M (9.76¢eV)
0,+M=20+M (5.12¢eV)
NO+M=N+O0+M (6.49eV)
N,+0=NO+N (3.27¢V)
NO+0=0,+N (l1.37eV)

N+ 0 =NO"+e (2.76eV)

NO+M=NO*"+e +M (9.25¢V) (13)

where the reaction threshold for the forward (dissociation or ion-
ization) processis given in the parentheses. The first three reactions
are dissociation-recombinationand the fourth and fifth are exchange
reactions. The sixth reaction equation is the associative-ionization
and its inverse the dissociative-recombinationreaction. The net en-
ergy (2.76 eV) that must be supplied for the associative-ionization
reaction of N and O is considerably less than the full ionization
potential (9.25 eV) for the NO+ M = NO* +e~ + M reaction.!!
From the studies of Lin and Teare'® and Wilson'? for the case of
air, this associative-ionization mechanism is dominant for shock
speeds below 9 km/s. Above this velocity, electron-impact'? ioniza-
tion dominates. At high temperatures, additional mechanisms lead
to the creation of O;’, O™, and N;’, however, these mechanisms
are not relevant in the present study addressing the lower temper-
ature regime. Consult Refs. 13 and 14 for details on these kinetic
processes.

The dissociation rates were calculated using the following func-
tional form of the Arrhenius equation:

ky(Ter) = C; T exp(0a/ Terr) (14)

The recombinationrates were calculated from the equilibriumcurve
fits,

ky (Tetr)
K eq (Teff )

The constantsC s, 1, and 6, and the expressionfor K, takenfromex-
isting experiments are tabulated in the Appendix. The reactionrates
and equilibrium constants in the present study were taken from the
work of Park!® for the first five reactions and from Wray'® for the
sixthreaction. See the Appendix for details of the reactionrate coef-
ficients. More recent work on reactionrates in air are available from
the work of Park !7:!3 for components of air and Bose and Candler!’

for the nitric oxide formation reaction. The species-conservation
equation (8) was solved for each species, O,, O, N,, N, NO, NO*,

and e.

ky (Tetr) = (15)

Species Momentum Conservation
The species momentum equation is given by

0 (hui N o
E(pfulf) + ﬁ(ﬁs”‘”’) + ﬁ(mu‘ VI + psu’ v;)
ij
% - Z, = Fies  Faus T Flas (16)

The contributing forces F* depend on the type of collision, elastic
or inelastic, and whether the species is neutral or charged.

Because of the important role of electrons in a plasma environ-
ment, the electron momentum equation is presented with the forces
written explicitly:

9, N 0 LN D o N Op. BT
E(Peue) + g(ﬂe” u') + g(ﬂeu VIt pal Vi) + Py
= —NeeE' = N,M, » vl (ul —ul) (17)

r

The electric field E* is associated with space charge or externally
impressed on the flowfield and can be treated with differentdegrees
of approximation.

Electric Field Models

The Poisson equation links the space charge of the plasma to
the electrostatic potential ¢. In the electrostatic approximation, the
electric field is given by the negative of the gradient of ¢». Because
V - E =¢ /ey, the Poisson equation is stated as

Vi = —(/e) (18)

where ¢ is the total charge density given by
¢ = Zq;Nx (19)

If the individual species are analyzed separately, the total charge
density may be accumulatedand the electric field, accounting for the
boundary conditions, can be established self-consistently through
a solution of Poisson’s equation. The solution, however, may be
computationally expensive and introduce stringent time steps and
gridrequirements.Often, instead, approximate forms are introduced
that do not require solution of Poisson’s equation.

Equilibrium Model of Electric Field

In many circumstances of interest the pressure gradient and the
electricfield termin Eq. (17) dominate the momentum balance. This
enables an approximate evaluation of the field:

. 1 9p.
E=——2P (20)
N,e 0x!

In this approximation, the electron pressure gradient balances the
forces arising from space charge or impressed fields. This approxi-
mation is convenient and often appropriate for specifying the field
without resorting to a solution of Poisson’s equation. For a spa-
tially homogeneous electron temperature, this form states that the
electrons achieve a Boltzmann equilibrium with the field.

Ambipolar Electric Field

When consideringcurrentflow to an insulatedsurface, the electric
field may be evaluated using ambipolar diffusion theory. Owing to
the significant disparity in the transport coefficients (diffusion and
mobility) of electrons and ions, a positive space charge develops
at an insulating boundary, limiting the electron flux to the surface
and enhancing the flux of ions. Current continuity demands that the
net current to the surface be zero. Equality of the electrons and ion
fluxes defines this ambipolar condition:

[,=T,=0=D,VN 1)
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where
D, ~ D;[1+ (T./T))] (22)

It follows that the ambipolar diffusion coefficient is much less than
the electron free diffusion coefficient and greater than the ion free
diffusion coefficient:

D, <D,« D, (23)

Now, D, = D, for T, < T;. For isothermal plasmas, when T, =T,
Eq. (22) approximates to D, ~2D;. For an ambipolar assumption,
the flux of electrons and ions in any region must be equal such that
charge does not build up. The electric field, in this approximation,
is given by

E'=[(D; = D)/(1ts + n)I(VN/N) (24)

Total Momentum Conservation
Summing the individual species momentum equations yields

D oy + =ty + 22 g L p (2s)
—(pu —(pu'u —_— =
or 1T 9 oxi gxs e Tl

The term F*!

+c 18 the electric field force per unit volume given by

Fi =Y NeZE 26)

For an electrically neutral gas, F)_ is zero.
Transport Effects

The species viscosity in the present study was computed from the
curve fits of Blottner et al.,”’ which are valid up to temperatures of
10,000 K in air. A more recent work on the transportpropertiesin air
based on the Chapman-Enskog theory exists (see Ref. 14). Figure 1
shows a comparison of the viscosity for the two approaches for
nitrogen, oxygen, and singly ionized nitric oxide. Differences be-
tween the two approaches for the nitrogen and oxygen are neglible.
For the ionized nitric oxide, the Blottner et al.?’ approach predicts
a lower value than the Gupta et al.'* approach above 2000 K. For
the seven-species reaction set and temperatures considered in this
study, the transport properties of Blottner et al. are used.

The species thermal conductivity was calculated from Euckens’s
relation (see Ref. 11). The viscosity and thermal conductivity of the
mixture were computed from Wilke’s semi-empirical mixing rule.?!
The thermal conductivity of the electrons was ignored because the
freestream velocity considered in the present study was limited to
10 km/s and, according to Rose and Stankevics? the heat conduc-
tion due to electronsdoes not presenta serious engineering problem
for flight velocities up to 16 km/s.

In the transport process of multicomponent diffusion, the flux of
one componentis influenced by the concentration gradientof a sec-
ond component. In some cases, the first component’s flux can be
accelerated; in others, the diffusion can cause a temporary segre-
gation, and in still other cases, a component can diffuse against its
concentrationgradient. The estimation of multicomponentdiffusion
coefficients in dilute gases can be accomplished using binary diffu-
sion coefficients and the Stefan-Maxwell equations (see Ref. 23):

VX, =) Xéxk (y — uy) 27)

© sk

where Dy, is the binary diffusion coefficient of the components s
and k. The Stefan-Maxwell equations for two-temperature plasmas
(see Ref. 24) were used to study25 ion diffusion inside the shock
structure for barothermal-diffusioninduced electric fields.

In the present analysis, only ordinary diffusion generated by the
gradientsin species concentrationis considered where the diffusion
mass flux follows Fick’s first law of diffusion (see Ref. 26),

o, = —pDy VC, (28)
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Fig. 1 Viscosity coefficient comparison by approaches in air mixture
of Blottner et al.2’ and Gupta et al.'* for a) nitrogen, b) oxygen, and
¢) ionized nitric oxide: ——, Blottner et al.2® and O, Gupta et al.l4

where Dy, the multicomponent diffusion coefficient, is calculated
with a constant Lewis number 1.4. More recent work!* on the trans-
port properties based on the Chapman-Enskog theory was not used
in the present study to be consistent with the models adopted in
Ref. 27.

Species Energy Conservation
The species energy conservation equation is given by

D (2 4wV ve ) 4= 2 + +aqu
P\t TS T TR A\ T ) T e

2 remr) -

M .
= ( ]\,} ) Z Ns:,r (pe)s.r + Pele.s + Qela.s + Qinel.s (29)

Again, because of the special status of electrons in the plasma, the
electron energy equation is explicitly presented.
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Electron Energy Conservation
The elecron energy conservation equation is

D g 22 4w vite, ) + = ptd (2 + +aqg’
~— Pe\ 7 €, - Pe = €, -
e P\t T axs P\ 2" %/

3 (1 . o (I O (i i
i (gt ) ) =4

M, .
= ( ](\] ) Z Ne:,r (pe)x.r + Pele.x + Qela.e + Qinel.e (30)

The internal energy of electrons e, is given by

_ [3/2KT. + (€in.)]

v (3D

The term

> N, (e).,

is the birthing term representing the energy gained by new-born
electrons. The term, P, , is the work done by the electric field on
electrons, the volumetric Joule heating, given by

Pues = NyeZ,E' - ul (32)

The translational energy transfer rate of the elastic collisions of the
diatomic molecules and electrons is derived from Lee!:

8RT, N
Qun.e = IRpT — T\ —* ‘/’W (33)

where o,, are the collision cross sections for electron-neutral in-
teractions. For this work, o,, equal to 102° m* was assumed. For
the case of electron-ion interactions, the effective Coulomb cross
sections are given by Lee!:

_ 87 ¢ 93T,
O, o] 1 + 34
1T 7 k2T,> |: 47 N, (34)
The rate of inelastic energy exchange between electrons and
molecules is given by Qjpe:

Qinel.e = - Z Ne./'E[./' - Qe—V - Qrad (35)
7

Itincludes electron-vibration (E- V) energy transfer, radiation loss,
and the electron impact ionization term

> NesEig
-

where N, 1 is the rate of ionization by the fth electron-impaction-
ization process and E; ; is the first ionization energy. The energy
exchanges between the inelastic collisions of the electronic and vi-
brational mode are discussed further in the section on vibrational
conservationenergy equation.

Total Energy Conservation
The total energy conservation equation is

0 Lege) [+ 2 Ly +a+ (u'p)
-_ —Uu e — | pUu’ |\ —u e ——u
o | P\ 2 o |7\ 2 ox/ »

0 - o
— =) = ) NeeZoE'ul — O (36)

The calculation of temperature and pressure is as follows:
The total energy, pe is written as the sum of the individual com-
ponents of energy:

pe=Y pC,T+ % > puiui +Y  pee, + E,

s#e s#e
+ Y oY) peeas (37)
s#e s#e

where the expression for the energy contained in the excited elec-
tronic states e , is taken from the work of Lee.! The translational-
rotational temperature 7' of the diatomic moleculesis obtained from
Eq. (37). The vibrational temperature of the diatomic species s is
determined by inverting the expression for the energy contained in
a harmonic oscillator at temperature Ty, :

= p(R/IMY[©,, /(e —1)] (38)

The translationaltemperatureof the electronsis established from the
expressionrelating the electron energy E, and the electron thermal
and kinetic energy:

E, = peCugTe + %peu[u[ (39)

The pressure is given by the sum of the partial pressures

p= Z 0sRT + p. (40)
s#e

where the electron pressure p, is given by
Pe = peR.T, (41

The ratio of specific heats y is givenby y = 1 + R/C,, where

R=Y"CR, c.=) cc,

Vibrational Energy Conservation
The vibrationalinternal energy conservationcan be expressed by

9 9 [, 4T, 9
L (i) = 2 (1.2 ) =5 o)

+0rv+Qvov+ Qev+aDs (42)

The vibrationalenergy conservationequation (42) is solved for each
of the diatomic species O,, Ny, NO, and NO™ using the Landau-
Teller formalism.?® The effect of vibrational population depletion
arising from nitrogen and oxygen dissociation was accounted for
in the vibration-dissociation coupling process?® The vibrational
energy e, , represents the total energy in the vibrational manifold
forthe speciess, mostoften assumedas a simple harmonicoscillator.
The energy exchange terms given by Q represent the exchange of
energy between the translational and the internal energy modes of
the vibrational and electronic modes.

An alternate and more detailed approach for accounting the vi-
brational energy is to solve the vibrational master equations. The
kinetic coefficients of the particle exchanges among the quantum
states give the population distributions *

(pS US)+

d)n = H{ Z[kVT(n/ - n)Pn’P - kVT(n - n/)Pn,O] + Z

n' nm,n’,m’

X [kVV(n/a m' — n, m)pn’pm’ - kVV(na m — n/a m/)pnpm]}

(43)
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Energy Exchanges Between Vibrational and Other Energy Manifolds
The translational-vibrational coupling is modeled according to
the Landau-Teller® form, which assumes single quantumexchange,

e, = Py (ejx — eu:)/fx (44)

The relaxation time is computed as

X,

e
Z, Xr/rrk

The Landau-Teller interspecies relaxation times t,, are com-
puted using the expression developed by Millikan and White.’!
The vibration-dissociation coupling for neutral species considering
vibration-translation exchanges for nitrogen follows the approach
outlined in Ref. 29. This earlier work? presented the effect of disso-
ciation on the vibrational population depletion for a ladder model.
The vibration-vibration exchanges and their effect on the popu-
lation depletion model previously reported®? are neglected in the
present study.

The temperatures governing the reaction rates of the ionized ni-
tric oxide and the electrons are postulated by Park in Refs. 15, 33,
and 34. When the impacting particle is an electron, the associative-
ionizationrate is an average of the vibrational and electron temper-
atures, To = +/(T, T,) and the dissociative-recombinatbn rate is an
average of the translational temperature of diatomic molecules and
electron temperatures. For the exchange reactions, the forward and
backward rates depend on the translational temperature of diatomic
molecules, alone.

The associative-ionizationreaction rate depends on the transla-
tional temperature, but the dissociative-recombinatia rate depends
on the vibrational temperature of NO+ and the translational tem-
perature of electrons .’

The E-V energy exchange for the nitrogen molecules is assumed
to be of the Landau-Teller form (see Ref. 11)

(45)

QE—V = Ne[eux(Te) - eux]/‘[es (46)

where the rate of (E-V) energy transfer z,, is derived by Lee.*

Simplified Set of Conservation Equations

The simplified set of conservation equations was simplified and
adapted to the analysis of a weakly ionized flowfield. The equilib-
rium electric field model [Eq. (20)] was used in the total momentum
and energy equations. The simplified form follows.

Species mass conservation equation:

0
—p+

0 . 0 .
—_— J = —_ J 5
at P = (osV/]) +a, (47)

ox/
Total momentum conservation equation:

ap

0 ; d P ot .
—(pu') + ——(pu'u)) + — — == =Y "N, Z,E' (48
PR P R e ¢ “8)

Electron energy conservation equation:

d 0 1 aqej 0 ;
(o) S

ox/ oxi

= Ne:_r Ex.r + Pele.x + QT—e - Z Qe—u + ee: d)x (49)

5,

Total energy conservation equation:

0 Lege) [+ =2 pud (2u + +aqj+a(")
—_— -U e —_— u -U e —_— —_— U
ar | P\ 2 o | P\ 2 ax | axi P

5 o
— () = Z eN,Z,E'u (50)

0x/

Vibrational energy conservation equation

a a . a aT, a .
E(pxeu,x) + _(/Oxeu,xuj) = (77/ _) - _~(/Oxeu,xvj)

ox/ T o \ S ax ox/

+ QT—V + Qe—V +d)xDx (51)

Numerical Procedure

The flowfield equations (47-51) were numerically solved using
the Roe approximate Riemann solver. The numerical scheme is im-
plemented in finite volume formulation by computing the cell in-
terface flux as a summation of wave speeds as described by Wal-
ters et al.*® The second-order spatial accuracy is obtained by em-
ploying the MUSCL approach in conjunction with the minmod
limiter to reduce the solution to first-order accuracy in the vicin-
ity of strong shock waves, as described in the work of Josyula
and Shang.*” The entropy correction for the Roe scheme is im-
plemented as discussed in Ref. 37. The viscous terms are evaluated
using central differencing. An explicit predictor-corrector method
is used to advance the solution in time. This approach was dis-
cussed for the flux-splittingoption by MacCormack in Ref. 38. The
presence of free electrons give rise to an additional characteris-
tic wave speed®® for the translational temperature associated with
the electrons. However, the wave speed obtained in Ref. 39 is not
invariant to a Gallilean transformation*® A corrected form of the
wave speed associated with the free electrons was subsequentlypre-
sented in the Ref. 40, with the equations cast in non-conservation
form which are unsuitable for the present upwind scheme. Hence,
a fourth eigenvalue associated with the free electrons was not used
in the present study. An alternative approach of determining eigen-
values and eigenvectors was investigated by Taylor et al.,*! where
a separate rotational energy equation was solved, thereby, decou-
pling the diatomic-molecule (heavy particle) equations from the
electron energy equation. However, the present approach treats the
translational and rotation energy modes to be in thermodynamic
equilibrium.

The flow conditionsof the numerical simulationbased on existing
experiments are given for a Mach 16.3 and 23.9 cases in Table 1.
The geometry details and minimum grid spacing are in Table 2.
Performance of a grid study on the Mach 23.9 case is presented for
the following grid sizes (axial x normal): 1) 30 x 50, 2) 50 x 60,
and 3) 70 x 90. The effect of the grid sizes on the translational
temperature distribution along the stagnation streamline is shown
in Fig. 2. The coarse grid of 30 x 50 nodes has a lower translational
temperature than the medium grid of 50 x 60 nodes and fine grid of
70 x 90 grid. The magnitude of the Richardson extrapolation error
estimator (see Ref. 42) for the peak translational temperature using
the coarse and medium grids gives 2.65% and using the medium and
fine grids gives 1.15%. The medium grid with 50 x 60 nodes in the
axial and normal direction, respectively, was considered adequate
and used for the Mach 23.9 case. A similar grid study conducted for
the Mach 16.3 case resulted in the use of 40 x 50 nodes in the axial
and normal directions.

Table 1 Details of flow conditions

Mach Too,  Twal, Poo> Altitude,
number Rey K K Pa Kny R,, m km

16.3 3,750 240 1,000 124 43 x 1073 0.0762 64.6
239 19,500 254 1,500 19.7 1.2x1073 0.1524 61

Table 2 Details of grids considered

Mach R,, Length, Type Cone
number An®/R, 0::“ m m body half-angle, deg
163  4.8x107* 0.45 0.0762 0.135 Sphere-cone 10
239  4.8x107* 1.83 0.1524 1.295 Sphere-cone 9

a*Minimum (full-cell) grid spacing. °Minimum angular spacing (degree).
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Fig. 2 Grid study: temperature distribution along stagnation stream-
line of RAM-C II, Mo, =23.9, Rn = 0.1524 m, and altitude=61 km.

Shock Tunnel Experiments of Kaegi and McMenamin*?

In this experiment, a reflected nozzle shock tunnel was used
to produce hypersonic airflows about a 0.0762-m-nose radius
hemisphere-cone. Electron-ion concentrations were determined
from current measured with langmuir probes. The test conditions
had velocitiesof 4.5 km/s (Mach 16.3) and 6 km/s (Mach 20.8) with
densitiescorrespondingto 64.6- and 58.7-kmaltitudes, respectively.
Electron densities were measured along the stagnation streamline
of the sphere-cone for the Mach 16.3 and 20.8 cases at 64.6- and
58.7-km altitudes, respectively. The conditions of the Mach 16.3
caseat 64.6km altitude (Table 1) were simulated in the presentstudy.

Flight-Test Data from the RAM-C II

In the 1960s, the flight-testdata was obtained using experimental
probes at satellite speeds, called Radio Attenuation Measurement
(RAM)-C tests, which measured electron number densities in the
flowfield.**~*¢ Conditions of the second test, RAM-C II, were simu-
lated by several researchers, for example, Refs. 27 and 47. The wall
was assumed fully noncatalytic to be consistent with the work of
Ref. 27 and the temperature was fixed*® at 1500 K, an estimate of an
unknown wall temperature. The conditions of Mach 23.9 at altitude
of 61 km were simulated in the present study. The body geometry
was a sphere-cone of 0.1524 m radius, length of 1.295 m, and a
cone half-angle of 9 deg (Table 1).

The flowfield equations (47-51) were solved to simulate the con-
ditions described in the experiments. The seven-species reaction
set [Eq. (13)] was implemented via the species mass conserva-
tion equations. The reaction set includes the associative-ionization
and dissociative-recombinaion reaction equation for generating the
weakly ionized plasma. The electric field was computed using the
equilibriummodel [Eq. (20)]. However, the ambipolar diffusion co-
efficient for the charged particles was computed using Eq. (22) and
the limiting forms discussed in that section. The limiting forms for
isothermal and nonisothermal plasmas provide the bounds of the
diffusion coefficient for the ambipolar condition. The vibrational
energy equation was solved using the Landau-Teller?® approxima-
tion [Eq. (44)] for computing the single quantum energy exchange
in the vibrational-translational mode. The vibration-dissociation
coupling for the neutral species of oxygen and nitrogen was imple-
mented using the model based on the master equations (43) account-
ing for the depletion of vibrational population due to dissociation.
(See Ref. 29 for more details about the vibration-dissociation cou-
pling model.) The coupling model for the elastic collisionsinvolving
the remaining species of nitric oxide and the charged particles was
implemented using the Park model,® discussed earlier.

Boundary Conditions
The upstream and farfield boundary conditions were prescribed
as the undisturbed freestream values. At the downstream bound-

ary, the no-change condition was imposed for the predominantly
supersonic flowfield. On the body surface, the no-slip condition for
velocity components, an isothermal wall, and the approximation of
zero normal pressure gradient were enforced. The species concen-
trations were set to the noncatalytic wall boundary condition for
all cases. The gradientof the electron translational temperature was
set to zero as per Park.!* For the axisymmetric configuration, the
boundary conditions were set at the axis of symmetry inasmuch as
the productof the flux and areais zero becausein a finite volume for-
mulation the control volume surface at the axis of symmetry merges
to a point.

Results and Discussion

Relaxation Zone and Flowfields Considered

The relaxationzone in a hypersonicair plasma flowfield is shown
in Fig. 3. For a high-Mach-numberairflow, the dissociationproducts
of nitrogen and oxygendownstream of the shock recombine to form
nitric oxide molecules which ionize at the high temperatures. Free
electrons are producedin the flowfield in this associative-ionization
reaction of nitric oxide. Owing to the disparity of the electron and
ion diffusion coefficient, there is an excess of free electrons ahead
of the shock wave, leaving positive charges behind it. This space
charge generates an electric field, which results in a net force on
the flowfield. At the surface edge of the weakly ionized gas, the
plasma is positively charged with respect to the wall, the nonneutral
region between the plasma and wall forming a plasma sheath in the
flowfield. The gas cantypically be assumed to behavequasineutrally
far away from the body and in the region between the shock and
the body. The internal energy modes of vibration and ionization
mechanisms relax in the shock layer and approach equilibrium near
the surface.

Figures 4 and 5 show the sources and sinks of the chemical re-
actions [Eq. (13)] and the net source terms on the right-hand side
of the species mass conservation equations (8) and (47). The plot-
ted rates are the product of the rate coefficient and density of the
species (mole per cubic meter per second). The values presented
are along the stagnation streamline for the RAM-C II flowfield. The
translational temperature is shown for reference. Figure 4 shows the
forward and backward reaction rates of the forward (dissociation)
and backward (recombination) reactions in air: the first three reac-
tions in Eq. (13). The nitrogen dissociationreaction is presented in
Fig. 4a, oxygen in Fig. 4b, and nitric oxide in Fig. 4c. The higher
forward rates for these reactions (Figs. 4a and 4b) are responsible
for the dissociation of nitrogen and oxygen. The nitric oxide dis-
sociation reaction (Fig. 4¢) results in atomic nitrogen and oxygen.
The recombination reactions for the nitrogen and oxygen increase
sharply in the postshock region and then increase gradually to reach
a maximum near the body. The exchange reactions of nitric oxide

lonization

| Relaxation.
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Flow

Space Charge
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Fig. 3 Relaxation zone in shock layer.
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Fig. 4 Forward and backward rates distribution along stagnation
streamline of RAM-C II, M, =23.9, Rn=0.1524 m, and altitude=
61 km.

are shown in Figs. 5a and 5b and the associative-ionizationreac-
tion with its inverse dissociative-recombinaion reaction in Fig. 5c.
The higher forward rates of the exchange reactions of nitric ox-
ide are responsible for the formation of the nitric oxide (Figs. 5a
and 5b). The associative-ionizationreaction (Fig. 5¢) is responsible
for the formation of ionized nitric oxide. However, for the back-
ward exchange reactions (Figs. 5a and 5b) and the dissociative-
recombination reaction in Fig. 5c, the reaction rates peak slightly
upstream of the shock and gradually increase behind the shock,
reach a maximum, and fall as they approach the body. The Arrhe-
nius form of the forward rate and significant activationenergy leads
to an exponential temperature sensitivity and peaks downstream of
the shock. The backward rate is similarly controlled by the reactant
concentration.

Figure 6 shows the resulting mass concentrations of the species,
along the stagnation streamline for the RAM-C II flowfield. Oxy-
gen is fully dissociated behind the shock wave, and nitrogen
molecules are dissociated with a mass fraction of 0.34 near the
surface. Nitric oxide formation peaks at a normalized location
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Fig. 5 Forward and backward rates distribution along stagnation
streamline of RAM-C II, M, =23.9, Rn=0.1524 m, and altitude=
61 km.

(x/Rn) of 0.05 in the postshock region. This maximum corre-
sponds with the maximain the reactionscontributingto the nitric ox-
ide formation:N; + O — 2NO + N (Fig. 5a) and NO + O<-N + O,
(Fig. 5b).

The translational and vibrational temperatures for the two cases
computedin the presentstudy are presentedin Figs. 7 and 8. The pri-
mary differencein the flowfields between the two cases are that the
higher-Mach-numbercase has a smaller shock-standoffdistanceand
a greater relaxation of the internal energy modes in the shock layer.

The highesttemperatureis about22,000K for the RAM-C Il case
(Fig. 7) and 13,000 K for the simulation of the experiment (Fig. 8).
For the RAM-C 1I case, we see from Fig. 6 that dissociation re-
sults in the maximum concentrationof atomic nitrogen of 40% near
the surface, oxygen is fully dissociated, nitric oxide concentration
peaks in the postshock region at 6%, and the maximum concentra-
tion of NO™ is less than 0.2% in the shock layer. Nitric oxide is
formed primarily by the exchange reaction, N, + O = NO + N, in
the vicinity of the shock front. The electron temperature is small in
the postshockregion,increasesto amaximum insidethe shock layer,
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Fig. 8 Temperature distribution along stagnation streamline of
experiment, M, =16.3, Rn =0.0762 m, and altitude = 64.6 km.

and then decreases to achieve equilibrium at the surface. The elec-
tron temperature achieves equilibrium with the translational mode
at x/Rn =0.03 for the RAM-C II case (Fig. 7).

The two cases (Figs. 7 and 8), however, show the same peculiar
feature upstream of shock: The nitric oxide vibrational temperature
rises upstream of the translational temperature rise. This feature is
further discussed subsequently. Note that, despite small amounts
of NO and NO* upstream of the shock (shown later), the efficient
transfer of vibrational-translational energy raises the vibrational
temperatures significantly.

Figure 9 shows the Debye length along the stagnation streamline
of the RAM-C II. The mean free path in the air medium shownon the
same plot is computed, assuming a constant value for the collision
cross section of 1072 m?. The shock wave is about 2 mm thick and
is about two orders of magnitude smaller than the nose radius.

Figure 10 shows the Debye length along the stagnationstreamline
of the simulation of an experiment.43 In both cases, we find L > Ap
satisfying the ideal plasma condition. The characteristiclength L is
the radius of the body.

Vibrational Population Depletion Effects and Diffusion Studies

The effect of the dissociation-inducedvibrational population de-
pletion on the temperature and electron density distributions is
shown in Figs. 11-13. The role of the diffusion on the spatial redis-
tribution of the charged particles is shown in Figs. 14-18.
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Fig. 9 Debye length and mean free path along the stagnation stream-
line of RAM-C II, Mo, =23.9, Rn = 0.1524 m, and altitude=61 km.
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The effectof populationdepletionof oxygenis expectedto be neg-
ligible at these high temperatures,* and so only nitrogen depletion
isincludedin this study. The peak translationaltemperatureremains
the same (Figs. 11 and 12); however, the shock standoff distance in-
creases slightly due to depletion effects. The forward dissociation
rate of the diatomic nitrogen is reduced by one to two orders of
magnitude at temperatures below 10,000 K as a result of popula-
tion depletionin the vibrationallevels. The effect on the vibrational
temperatures of nitrogen and nitric oxide is minor (Fig. 11).

The flight-test data points shown in the Figs. 13-15 were taken
from Ref. 46. The microwave reflectometer measurements are
shown by square symbols, and the electrostatic probe measurement
at x/Rn ~ 8 is shown by a triangle with error bar. The reflectome-
ter data point represents the averaged peak electron densities, and
the probe data point represents the time-average electron densities
for the innermost and outermost probes. The error bar on the probe
data point represents the peak-to-peak density fluctuation due to
body motions. The predicted electron density distribution along the
noncatalytical surface compared with flight-test data shows a negli-
gible effect due to depletion (Fig. 13). The high temperaturesin the
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Fig. 11 Depletion effects: temperature distribution along stagnation
streamline of RAM-C II, M, =23.9, Rn=0.1524 m, and altitude=
61 km.
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postshock region and the near-equilibrium values near the surface
are not favorable for dissociation-induced vibrational population
depletion?

The role of diffusion on the spatial redistribution of the charged
particles in Figs. 14-18 is now discussed. The ambipolar diffusion
is modeled in the presentstudy per Eq. (22), D, =~ D;[1+ (T,/T))].
For the two limiting cases of Te~ T; and Te < T, the ambipo-
lar diffusion coefficients of D, =2D; and D, = D; were used in
predicting electron density in the shock layer and near the surface.

With reference to Fig. 14, the electron density prediction near
the surface with the D, =2D, approximation is very close to
D,;[1 + (T,/T))], suggesting the validity of this approximation for
the ambipolar diffusion coefficient for this case because T, ~ T;.
This approximation is confirmed by the translational and electron
temperature distributions of Fig. 7. Comparison of the present cal-
culations for the limiting case of D, =2D; with the calculations
of Candler and MacCormack®’ and Grasso and Capano*’ is shown
in Fig. 15. Although there are modeling differences between the
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Fig. 16 Validity of approximations of ambipolar diffusion coefficient:
comparison of electron density distribution along stagnation streamline
with experiment, M, =16.3, Rn = 0.0762 m, and altitude = 64.6 km.
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tion streamline of RAM-C II, M, =23.9, Rn=0.1524 m, and alti-
tude =61 km: a) all species diffusing, b) all species except NO diffusing,
and c) all species except NO, NO*, and e~ diffusing.

three computations shown, all computational results fall within the
experimental uncertainty of the probe data pointat x /Rn ~ 8. More
accurate experimental measurements are required to delineate and
validate the models used for vibration, dissociation and ionization
in the computations.

For the experimentalflow conditionsalong the stagnationstream-
line of Kaegi and McMenamin® (Fig. 16), the electron density pre-
diction with the limiting case approximationof D, = Dy is close to
the predictionwith D, [1+ (T,/T;)]. The validity of this approxima-
tionis confirmed by T'e <« T; (Fig. 8). The electrondensity is lowest
near the shock and reaches a maximum near the surface. The high
density near the body surface is achieved through rapid diffusion of
electrons. The computation overpredicts the data near the surface
and underpredictsin the postshock region.

The effectof the diffusionof the nitric oxide on the density of NO,
NO*, and e~ is shown in Fig. 17. Figure 17 shows that suppressing
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the diffusionof NO, NO*, and e~ doesindeed shifttherise in density
of nitric oxide (consequently NO* and e™) to the back of the shock
wave (marked by the rise in the translationaltemperature). The nitric
oxide ions and electrons have densities that are essentially equal.
Note that the nitric oxide concentrationin the freestream (ahead of
the shock wave) is specified in the computations to be negligibly
small. Therefore, any formation of nitric oxide ahead of the shock
wave is solely due to the direction of the diffusion velocity opposite
to the flow direction, thus, bringing the molecules upstream of the
shock.

The effect of further numerical experiments to determine the
individual role of the diffusion velocity of the nitric oxide and
chargedparticlesonthe flowfield is discussednext. Figure 18ashows
the translational and vibrational temperatures along the stagnation
streamline of the RAM-C II for all species diffusing, Fig. 18b for
all of the species except NO diffusing, and Fig. 18c for all of the
species except NO, NO*, and e~ diffusing. As stated before, there
is a significant rise in the vibrational temperatures of NO and NO*
upstream of the translational temperature rise (Fig. 18a). When the
diffusion of NO molecules is suppressed (Fig. 18b), the vibrational
temperature of NO shifts downstream, but the vibrational tempera-
ture of NO™ is affected very little.

When the diffusionof NO, NO™, and e~ is suppressed (Fig. 18¢),
both profiles of the vibrational temperatures of NO* and NO shift
downstream. The vibrational temperature of NO* drops below that
of NO. The electron temperature is lowered in Fig. 18c, primarily
in the postshock region but equilibrates with the translational tem-
perature, as in Figs. 18a and 18b. The diffusion of these particular
species has small effect on the magnitude of the electron tempera-
ture and the density of the charged particles (Fig. 17) downstream
of the shock wave and near the surface.

Conclusions

The study was undertaken to probe the physical complexitiesin-
volvedin the modeling of the emerging plasma technologiesapplied
to hypersonicvehicles. A generalized set of governing equations for
the numerical modeling of the hypersonic weakly ionized plasma
flowfields about aerospace vehicles are written. A simplified set of
equations was exercised to investigate a simulated ionized flow-
field in air. The objectives of the simulation were to 1) assess the
magnitude and spatial distribution of the atomic densities arising
from dissociation, 2) evaluate the importance of dissociation rate
modification resulting from population depletion, 3) relate these
atomic densities to the plasma generation process and map the spa-
tial distribution of charged particles, 4) examine the influence of
limiting forms of electron diffusive transport on flowfield structure
and species distributions, and 5) confirm that the ideal plasma ap-
proximation is applicable for the plasma conditions considered.

The simplified set of the equations with suitableassumptionswere
solved to describe the weakly ionized flowfields of the RAM-C II
flight test, simulated in the past by many other researchers. Plasma
generationis restricted to the associative-ionizationof nitrogen and
oxygen. This simulation establishes a baseline and provides under-
standing of the governing equations and the limits of validity of
assumptions. The magnitude of the source and sink terms were re-
ported for the RAM-C I case to assess 1) the level of complexity of
the reacton rate set required, 2) the accuracy of the reaction rates,
and 3) the importance of the coupling mechanisms of the elastic
collisions. Results of the simulation of the RAM-C II flight-test
case show that, for the high temperature considered, the effect of
depletion of vibrational population due to dissociation of nitrogen
is negligible.

Simulations using two different limiting forms of the ambipolar
diffusioncoefficient resulted in only a minor variationin the magni-
tude and spatial distribution of the charged species. The simulation
revealed fair agreement of the charged densities with experiment
downstream of shock and extending to the body. In contrast, the
comparison at the shock front suggested that inclusion of ioniza-
tion through excited states or space charge effects at the shock front
may be required to explain the enhanced experimental charge den-
sities. Neutral particle diffusion plays an importantrole at the shock

front. Elevatedlevels of vibrationallyexcited nitric oxide diffuse up-
stream of the front. These excited species may modify the ionization
kinetics.

Future work should be directed at examining the validity of the
fluid equation approach to characterizing shock structure in ion-
ized flows by comparing the fluid results with direct simulation
Monte Carlo or particle-in-cell simulations. Further researchis also
required to understand and refine ionization mechanisms, excited
state chemistry, and collisional energy exchange.

Appendix: Reaction Rate Coefficients

Table A1 Forward reaction rate coefficients®

cy,
Reaction M (m3/kmole-K™"s) n Oy, K Ref.
No+M<=N+N+M Nj, Oy, 3. 7E+18 —1.6 113,200 15

NO

N 1.1E+19 —1.6 113,200 15

(0] 1.1E+19 —1.6 113,200 15
O, +M=0+0+M N3, O, 2.75E+16 —1.0 59,500 15

NO

N 8.25E+19 —1.0 59,500 15

(0] 8.25E+19 —1.0 59,500 15
NO+M<=N+0+M Ny, Oy, 2.3E+14 0 75,500 15

NO

N 4.6E+14 —-0.5 75,500 15

(6] 4.6E+14 —-0.5 75,500 15
N, +O=NO+N _ 3.18E+10 —0.1 37,700 15

NO+0=0,+N —
N+O<=NO*" +e~ —_

2.16E+05 1.29 19,220 15
6.50E+08 0.00 32,000 16

kg (Teir) = C Tt exp(—0as / Terr).-

Table A2 Constants for computing equilibrium constants used
with dissociation rates of Table A1?

Reaction A 1m A2m A3m A4m ASm Ref.

No+M=N+N+M 3898 —12.611 0.683 —0.118 0.006 15
0, +M<=0+0+M 1335 —4.127 —0.616 0.093 —0.005 15
NO+M+=N+0O+M 1549 -7.784 0.228 —0.043 0.002 15
N, +O=NO+N 2.349 —4.828 0.455 —0.075 0.004 15
NO+0O0+=0;+N 0.215 —3.652 0.843 —0.136 0.007 15
N+O=NO*t +e~ —6.234 —-5.536 0.494 —0.058 0.003 15

Akp (Tetr) = kg (Terr) /Keq(Terr) with Keq units kilomole per cubic meter and ex-
change reactions dimensionless. The equilibrium constants for the chemical reac-
tions computed using Keq = exp(Aim + Aom Z + Asp Z2 4 A4 Z® + A5y Z*) where
Z=10,000/T (T is translational temperature in Kelvin).
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